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1 本文
次式を証明する。

ULz
(θ) = exp{iθLz} = exp{iθ(xpy − ypx)} (1)

fx(θ) = ULz (θ)xULz (θ)
−1 = cos θx− sin θy (2)

fy(θ) = ULz
(θ)yULz

(θ)−1 = sin θx+ cos θy (3)

fz(θ) = ULz (θ)zULz (θ)
−1 = z (4)

f+(θ) = ULz
(θ)(x+ iy)ULz

(θ)−1 = eiθ(x+ iy) (5)

f−(θ) = ULz
(θ)(x− iy)ULz

(θ)−1 = e−iθ(x− iy) (6)

証明。

f+(θ)

dθ
=

dULz
(θ)

dθ
(x+ iy)ULz (θ)

−1 + ULz (θ)(x+ iy)
dULz

(θ)−1

dθ
(7)

= ULz
(θ){i(xpy − ypx)(x+ iy)− i(x+ iy)(xpy − ypx)}ULz

(θ)−1 (8)

= ULz
(θ){ixi[py, y]− yi[px, x]}ULz

(θ)−1 (9)

= ULz
(θ)(ix− y)ULz

(θ)−1 (10)

= iULz
(θ)(x+ iy)ULz

(θ)−1 (11)

= if+(θ) (12)

f+(θ) = eiθf+(0) (13)

= eiθ(x+ iy) (14)

f−(θ)

dθ
=

dULz (θ)

dθ
(x− iy)ULz

(θ)−1 + ULz
(θ)(x− iy)

dULz (θ)
−1

dθ
(15)

= ULz
(θ){i(xpy − ypx)(x− iy)− i(x− iy)(xpy − ypx)}ULz

(θ)−1 (16)

= ULz (θ){−ixi[py, y]− yi[px, x]}ULz (θ)
−1 (17)

= ULz
(θ)(−ix− y)ULz

(θ)−1 (18)

= −iULz (θ)(x− iy)ULz (θ)
−1 (19)

= −if−(θ) (20)

f−(θ) = e−iθf−(0) (21)

= e−iθ(x− iy) (22)

1



fx(θ) =
1

2
[f+(θ) + f−(θ)] (23)

=
1

2
[(eiθ + e−iθ)x+ i(eiθ − e−iθ)y] (24)

= cos θx− sin θy (25)

fy(θ) = − i

2
[f+(θ)− f−(θ)] (26)

= − i

2
[(eiθ − e−iθ)x+ i(eiθ + e−iθ)y] (27)

= sin θx+ cos θy (28)

fz(θ) = ULz
(θ)zULz

(θ)−1 (29)

= zULz (θ)ULz (θ)
−1 (30)

= z (31)
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